The Brooks-Corey capillary pressure model has been accepted widely in the petroleum and other industries. However the Brooks-Corey model cannot represent capillary pressure curves of some rock samples such as those from The Geysers geothermal field. In fact, few existing capillary pressure models work for these rock samples. To this end, a more general capillary pressure model was derived theoretically from fractal modeling of a porous medium. It was found that the more general capillary pressure model could be reduced to the frequently-used Brooks-Corey capillary pressure model and the Li-Horne imbibition model when the fractal dimension of a porous medium takes a limiting value. This also demonstrates that the Brooks-Corey model and the Li-Horne model, which have been proposed empirically, have a solid theoretical basis. The results demonstrated that the new capillary pressure model could represent the capillary pressure curves of The Geysers rock while the Brooks-Corey model cannot. A relative permeability model was also developed from the new capillary pressure model. Fractal dimension, a parameter associated with the heterogeneity of the rock, determines the shape of relative permeability curves according to the new relative permeability model. The model can also be reduced to the Brooks-Corey relative permeability model.
Introduction
It is essential to represent capillary pressure and relative permeability curves mathematically in an appropriate way because both are important parameters in reservoir engineering. There have been a number of existing capillary pressure [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and relative permeability models [12] [13] [14] . Many engineering decisions regarding the development of oil and gas fields are made based on predictions using these models. Engineering and financial risks may be reduced if the capillary pressure and relative permeability models can characterize the multiphase fluid flow in reservoirs accurately.
In 1954, Corey 1 found that oil-gas capillary pressure curves could be expressed approximately using the following linear relation: 
where P c is the capillary pressure, C is a constant, and * w S is the normalized wetting phase saturation, which could be expressed as follows in the drainage case: 
where S nwi is the initial saturation of the nonwetting phase and S wr is the residual saturation of the wetting phase. In Corey's case, S wr was the residual oil saturation and S nwi was equal to zero. In 1960, Thomeer 2 proposed a relationship between capillary pressure and mercury saturation empirically: 
where p e is the entry capillary pressure of the rock sample, S Hg is the mercury saturation, S Hg∞ is the mercury saturation at an infinite capillary pressure, and F g is the pore geometrical factor. In 1966, Brooks and Corey 3 modified the capillary pressure function to a more general form as follows: 
where λ is the pore size distribution index. Note that the wetting phase is air and the nonwetting phase is mercury in the case of an air-mercury fluid pair. (5) where a, c, and n are parameters to be determined. Note that S nwi was equal to zero in the case of Van Genuchten 4 . In 1998, Jing and Van Wunnik 5 proposed a capillary pressure function to interpret the data of core-scale flow experiments. The function is expressed as follows:
where 0 c p is the capillary pressure scaling factor, d is a constant to define the curvature, n is the asymmetry shape factor, and a is a constant to control the value of the entry capillary pressure. Among all the capillary pressure models described previously, the Brooks-Corey capillary pressure model 3 has been used frequently for the consolidated porous media. In the case of unconsolidated porous media, the most frequently used capillary pressure model is the Van Genuchten 4 model. Empirically it has been found that the Brooks-Corey capillary pressure model is appropriate to the drainage case. To this end, Li and Horne 6 proposed a capillary pressure model for the imbibition case in 2001. The model is expressed as follows:
where max p is the capillary pressure at the residual nonwetting phase saturation.
In 1995, Skelt and Harrison 7 proposed an empirical model to describe the relationship between water saturation and reservoir height above the oil-water contact. The model is expressed as follows:
where a, b 0 , c, and d are constants. Note that P c is equal to the reservoir height above the oil-water contact in this case.
There have been other capillary pressure models under different conditions such as those proposed by Huang et al 8 . and Lenormand 9 . One common feature of the capillary pressure models described previously is that all were proposed empirically. Li and Horne 16 reported that the Brooks-Corey capillary pressure model could be used to represent the curves of the rock without fractures (for example, Berea sandstone) but not for rock samples with many fractures (for example, the rock from The Geysers geothermal field).
In a previous paper 17 , the author also reported that the Brooks-Corey capillary pressure model 3 could work for some rock samples but not for others, even from the same reservoir.
Interestingly, Li and Horne 16 found that fractal curves inferred from capillary pressure data were good straight lines for all the rock samples, both those with and those without fractures. The fractal curves represent the relationship between the number of pores and the radius of the pore throats. Later the author 17 found similar phenomena for the core samples from an oil reservoir.
This finding implies that a more general capillary pressure model may exist to represent both the rock in which the Brooks-Corey model works and the rock in which the BrooksCorey model does not work. In this study, such a generalized capillary pressure model was derived theoretically from fractal modeling.
Relative permeability can be calculated from capillary pressure. There have been many methods to do so as reviewed recently Li and Horne 18 . In this study, a new relative permeability model was developed based on the generalized capillary pressure model. Experimental data were used to test the new capillary pressure and relative permeability models.
Theory
A more general capillary pressure and relative permeability model was derived theoretically from fractal modeling. The results are presented and discussed in this section. The detail derivation of the new model is shown in Appendix A.
A more general capillary pressure model
The new capillary pressure model using a fractal modeling technique is expressed as follows:
where max p is the capillary pressure at the residual nonwetting phase saturation in the imbibition case and the capillary pressure at the residual wetting phase saturation in the drainage case. b is a constant and expressed as follows: (10) where λ = 3 -D f . D f is the fractal dimension, which is a representation of the heterogeneity of rock. The greater the fractal dimension, the greater the heterogeneity. Note that the pore size distribution index λ in the Brooks-Corey capillary pressure model is also a representation of the heterogeneity. The greater the pore size distribution index, the less the heterogeneity of a porous medium.
For D f <3, if p max approaches infinity, then Eq. 9 can be reduced to:
Eq. 11 is the frequently used Brooks-Corey model, which was proposed empirically by Brooks and Corey 3 in 1966. According to the derivation in Appendix A, one can see that the Brooks-Corey capillary pressure model has a solid theoretical basis. This may be why the Brooks-Corey model can be a good fit to capillary pressure curves of many real rock samples.
In the case in which b=1, Eq. 9 can be reduced to:
Eq. 12 is the imbibition capillary pressure model proposed empirically by Li and Horne 6 in 2001. In the case in which b=0, Eq. 9 can be reduced to:
Eq. 13 may be considered a capillary pressure model for a single capillary tube.
One can see that Eq. 9, as a generalized capillary pressure model, could be applied in both a complicated porous medium and in a single capillary tube as well as in both drainage and imbibition cases.
Differentiating Eq. 9, one can obtain the following relationship:
Eq. 14 can also be expressed as:
Eq. 15 was also derived by Friesen and Mikula 19 in 1987 using a different method.
A new relative permeability model
The relative permeability models inferred from the generalized capillary pressure model are presented and discussed in this section. As pointed out by Li and Horne 18 , the Purcell relative permeability model may be the best fit to the wetting phase relative permeability and the Brooks-Corey relative permeability model may be used to calculate the nonwetting phase relative permeability once reliable capillary pressure data are available. Therefore relative permeability models were derived using the Purcell and the Brooks-Corey approaches respectively.
Based on the Purcell approach
The new relative permeability model derived from the generalized capillary pressure model using the Purcell approach is expressed as follows: 
where k rw and k rnw are the relative permeability of the wetting phase and the nonwetting phase, S we is defined as follows:
and α is defined as follows:
According to Eq. 16: 
According to Eq. 17:
and 0 ) 1 (
The previous results of end-point relative permeability for both wetting phase and nonwetting phase show, to some extent, the validity of the new relative permeability model. One can see from Eqs. 16 and 17 that relative permeability depends not only upon the heterogeneity (represented by fractal dimension through the parameter λ) but also upon the pore size of porous media, represented by the entry capillary pressure and the maximum capillary pressure, in some cases.
When D f <3 and p max approaches infinity, Eqs. 16 and 17 can also be reduced to the simple Purcell relative permeability model expressed as follows: 
where b =1 -α and m is expressed as follows:
Note that m is a parameter associated with the heterogeneity of the porous medium because the fractal dimension D f is a representation of heterogeneity. Parameter b is associated with the pore size.
Based on the Burdine model
The new relative permeability model derived from the generalized capillary pressure model using the Burdine approach is expressed as follows: 
Therefore the new relative permeability model (Eqs. 29 and 30) based on the Burdine approach encompasses the BrooksCorey relative permeability model (Eqs. 31 and 32).
In the case in which p max has a finite value, Eqs. 29 and 30 can be expressed as follows:
In the case in which b=1 and m>0, Eqs. 33 and 34 can be reduced as follows:
In the case in which m=0, Eqs. 35 and 36 can be reduced as follows:
However it is not clear under what circumstances m is equal to zero. Note that m=0 implies that D f =5.
Results
The new capillary pressure and relative permeability models were tested and the results are discussed in this section.
Generalized capillary pressure model
The theoretical capillary pressure data were calculated using Eq. 9 with different values of fractal dimension and the results are shown in Fig. 1 . The values of fractal dimension used in the calculation were 2.0, 2.5, 2.9, 3.3 and 3.8. The values of maximum capillary pressure and entry capillary pressure were 100 atm and 0.4 atm respectively in Fig. 1 . The residual wetting-phase saturation was 20%. In the case where D f <3.0, the capillary pressure curve is convex to the axis of the wetting-phase saturation and looks like a common capillary pressure curve (for example, the capillary pressure curve of Berea sandstone). This type of capillary pressure curve can usually be represented mathematically by the Brooks-Corey model in cases in which p e /p max is negligible. In the case where D f >3.0, the capillary pressure curve is concave to the axis of the wetting-phase saturation (see Fig. 1 ). The capillary pressure curves of The Geysers rock have such a feature 16 . Fig. 2 shows the normalized capillary pressure curves using the data shown in Fig. 1 . In the case in which D f is equal to 2.0, the relationship between capillary pressure and the normalized wetting phase saturation is linear. However the normalized capillary pressure curves with D f other than 2.0 are not straight lines, which demonstrates that D f influences not only the magnitude of capillary pressure but also the shape of the curves (see Fig. 2 ).
The effect of p e on the shape of capillary pressure curves is shown in Fig. 3 . D f is equal to 2.5 and p max =100 atm in Fig. 3 . One can see that the relationship between capillary pressure and the normalized wetting phase saturation is linear if p e is less than a specific value. Otherwise, it is not linear. When D f increases from 2.5 to 2.9, the normalized capillary pressure curves calculated using Eq. 9 are plotted in Fig. 4 . In this case, all the curves are highly nonlinear. Fig. 5 shows the effect of p max on the capillary pressure curves. D f is equal to 2.5 and p e =0.4 atm in Fig. 5 . The value of p max ranges from 10 to 10 5 atm. The normalized capillary pressure curves are linear if p max is greater than a specific value. When D f increases from 2.5 to 2.9, the normalized capillary pressure curves calculated using Eq. 9 are plotted in Fig. 6 . With D f =2.9, all the curves become nonlinear.
According to the results shown in Figs. 3-6 , the values of p e and p max , like D f , influence not only the value of capillary pressure but also the shape of the curves.
A typical capillary pressure curve of The Geysers rock is shown in Fig. 7 
New relative permeability model
The wetting phase relative permeability was calculated using Eq. 16 and the nonwetting phase relative permeability was calculated using Eq. 30 with different values of fractal dimension. The reason to do this was because Li and Horne 18 reported that the Purcell model is the best fit to the experimental data of the wetting phase relative permeability for both drainage and imbibition processes but is not a good fit for the nonwetting phase. The results are plotted in Fig. 8 . One can see that the relative permeability curves of the nonwetting phase are almost the same for different values of fractal dimension. However the relative permeability curves of the wetting phase are different for different values of fractal dimension. Fig. 8 shows that the wetting phase relative permeability curves with fractal dimension greater than 3.0 have different features from those with fractal dimension less than 3.0, as predicted by the model (see Eq. 16). One can see that the values of the wetting phase relative permeability in the case where the fractal dimension over 3 are very small until the wetting phase saturation reaches about 80%. This phenomenon may be verified by future experimental data of relative permeability measured in The Geysers rock.
Few experimental data of relative permeability in The Geysers rock or other type of rock with fractal dimension greater than 3.0 have been available in the literature. Therefore we cannot verify the new relative permeability models at present.
Conclusions
Based on the present study, the following conclusions may be drawn: where r is the radius of a unit chosen to fill the fractal object, N(r) is the number of the units (with a radius of r) required to fill the entire fractal object, and D f is the fractal dimension. The fractal dimension is a representation of the heterogeneity of a fractal object. The greater the fractal dimension, the more heterogeneous the fractal object. It has been found that most natural porous media such as reservoir rock are fractals and can be characterized using a fractal model 15 . The relationship between the number of pores and the radius of pores (Eq. A-1) is an example of a fractal model. Capillary pressure curves measured by a mercury-intrusion technique are often used to infer the pore size distribution of rock samples. In making this inference, rock with a solid skeleton and interior pores is represented by using a capillary tube model. N(r) can be calculated easily once capillary pressure curves measured using a mercury-intrusion technique are available. The unit chosen in this study to represent a pore was a cylindrical capillary tube with a radius of r and a length of r. So the volume of the unit is equal to πr 3 and N(r) at a given radius of r is then calculated easily.
Note that the unit chosen in previous studies [15] [16] [17] was also a cylindrical capillary tube but the length of the tube was fixed. In this study, the length of the cylindrical capillary tube changes with the radius.
Generalized capillary pressure model
Once N(r) is known, the value of fractal dimension, D f , can be determined from the relationship between N(r) and r. The relationship between N(r) and r should be linear on a log-log plot if the pore system of the rock is fractal.
According to the capillary tube model, N(r) can be calculated as follows:
where V Hg is the cumulative volume of mercury intruded in the rock sample when capillary pressure is measured. Combining Eq. A-1 and Eq. A-2:
Arranging Eq. A-3:
Considering a capillary tube model, capillary pressure can be calculated as follows:
where P c is the capillary pressure, σ is the surface tension, and θ is the contact angle.
Substituting Eq. A-5 into Eq. A-4:
The mercury saturation is calculated as follows:
where S Hg is the mercury saturation and V p is the pore volume of the core sample. Substituting Eq. A-7 into Eq. A-6:
here a is a constant. When V Hg increases from 0 to 0 + , the corresponding capillary pressure increases from 0 to p e . Eq. A-8 can be expressed as:
where ε is an infinitely small positive value close to zero and p e is the entry capillary pressure of the rock sample.
Similarly the capillary pressure reaches a maximum value (it can also be infinite) when V Hg equals a maximum value. According to Eq. A-8:
where S Hg∞ is the maximum mercury saturation and p max is the maximum capillary pressure at S Hg∞ . Combining Eqs. A-8, 9, and 10, one can obtain: Considering ε→0, Eq. A-11 may be reduced to: Using the wetting-phase saturation (the wetting-phase during mercury intrusion is air), Eq. A-12 can be expressed as: where S w is the wetting-phase saturation and S wr is the residual saturation of the wetting-phase.
Eq. A-13 can be rearranged as: According to Eq. A-17, Eq. 9 in the text, the new capillary pressure model can be obtained.
A new relative permeability model
There are two main ways to infer relative permeability from capillary pressure data. One is the Purcell approach 12 and the other is the Burdine approach 13 . In this section, relative permeability models will be derived theoretically based on the new capillary pressure model (Eq. 9) using both the Purcell and the Burdine approaches.
Based on the Purcell approach
Purcell 12 developed an equation to compute rock permeability by using capillary pressure data. This equation can be extended readily to the calculation of multiphase relative permeability. In two-phase flow, the relative permeability of the wetting phase can be calculated as follows:
where k rw and S w are the relative permeability and saturation of the wetting phase. Similarly, the relative permeability of the nonwetting phase can be calculated as follows:
where k rnw is the relative permeability of the nonwetting phase. It can be seen from Eqs. A-18a and 18b that the sum of the wetting and nonwetting phase relative permeabilities at a specific saturation is equal to one. This may not be true in most porous media. Comparing experimental data with the modeling data, Li and Horne 18 found that the Purcell model (Eq. A-18a) may be the best fit to the experimental data of the wetting phase relative permeability for both drainage and imbibition processes but may not be a good fit for the nonwetting phase.
Substituting Eq. 9 into Eq. A-18a, one can obtain the following equation: where S m is the minimum wetting phase saturation from the capillary pressure curve; τ w (1.0) and τ w (S w ) are the tortuosities of the wetting phase when the wetting phase saturation is equal to 100% and S w respectively.
Based on the Burdine model
In the same way, relative permeabilities of the nonwetting phase can be calculated by introducing a tortuosity ratio of the nonwetting phase. The equation can be expressed as follows: Here S e is the equilibrium saturation of the nonwetting phase; τ nw is the tortuosity of the nonwetting phase.
Using a similar procedure to that used to derive Eqs. 16 and 17, one can obtain Eqs. 29 and 30 in the text. 1.E-04
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